A TRIDENT SCHOLAR
PROJECT REPORT

NO. 476

Solving the Inverse Problem Using Combination Random Graph Models

by

Midshipman 1/C Samuel H. Baker, USN

UNITED STATES NAVAL ACADEMY
ANNAPOLIS, MARYLAND

This document has been approved for public
release and sale; its distribution is unlimited.

USNA-1531-2



REPORT DOCUMENTATION PAGE OME N Doon o188

Public reporting burden for this collection of information is estimated to average 1 hour per response, including the time for reviewing instructions, searching existing data sources, gathering and maintaining the
data needed, and completing and reviewing this collection of information. Send comments regarding this burden estimate or any other aspect of this collection of information, including suggestions for reducing
this burden to Department of Defense, Washington Headquarters Services, Directorate for Information Operations and Reports (0704-0188), 1215 Jefferson Davis Highway, Suite 1204, Arlington, VA 22202-
4302. Respondents should be aware that notwithstanding any other provision of law, no person shall be subject to any penalty for failing to comply with a collection of information if it does not display a currently
valid OMB control number. PLEASE DO NOT RETURN YOUR FORM TO THE ABOVE ADDRESS.

1. REPORT DATE (DD-MM-YYYY) 2. REPORT TYPE 3. DATES COVERED (From - To)
5-20-19
4. TITLE AND SUBTITLE 5a. CONTRACT NUMBER

Solving the Inverse Problem Using Combination Random Graph Models

5b. GRANT NUMBER

5c. PROGRAM ELEMENT NUMBER

6. AUTHOR(S) 5d. PROJECT NUMBER
Baker, Samuel H.

5e. TASK NUMBER

5f. WORK UNIT NUMBER

7. PERFORMING ORGANIZATION NAME(S) AND ADDRESS(ES) 8. PERFORMING ORGANIZATION REPORT
NUMBER
9. SPONSORING / MONITORING AGENCY NAME(S) AND ADDRESS(ES) 10. SPONSOR/MONITOR’S ACRONYM(S)

U.S. Naval Academy
Annapolis, MD 21402

11. SPONSOR/MONITOR’S REPORT
NUMBER(S)

Trident Scholar Report no. 476 (2019)

12. DISTRIBUTION / AVAILABILITY STATEMENT

This document has been approved for public release; its distribution is UNLIMITED.

13. SUPPLEMENTARY NOTES

14. ABSTRACT

We seek to determine if real-networks can accurately be represented by random graph models. To accomplish this task, we use a
combination of three commonly-used random graph models: geometric, Chung-Lu, and preferential attachment. Each of these three
models has unique properties that helps model certain characteristics of real-world networks, but using these random graph models
individually has proven fruitless. Therefore, we combine multiple models in order to get a model that more accurately reflects these
networks. Our method for determining if our combination random graph model successfully represents a real-world network consists of
three main tests: edge counts, degree distributions, and triangle counts. This developed algorithm supports the idea that random graph
models have potential in modeling real-world networks, and its output is further supported by statistical tests we develop. Although we
find some faults in our method, it shows significant potential. We achieved some success with organically produced real-world networks
like human and animal social networks and terrorist cells. However, we hypothesize that our model can be improved by adding more
random graph models and testing it on larger networks.

15. SUBJECT TERMS
graph theory, network science, social networks, random graphs, Chung-Lu model, geometric model, preferential attachment model

16. SECURITY CLASSIFICATION OF: 17. LIMITATION 18. NUMBER 19a. NAME OF RESPONSIBLE PERSON
OF ABSTRACT OF PAGES
a. REPORT b. ABSTRACT c. THIS PAGE 46 19b. TELEPHONE NUMBER (include area
code)

Standard Form 298 (Rev. 8-98)
Prescribed by ANSI Std. Z39.18




U.S.N.A. --- Trident Scholar project report; no. 476 (2019)

SOLVING THE INVERSE PROBLEM USING
COMBINATION RANDOM GRAPH MODELS

by

Midshipman 1/C Samuel H. Baker
United States Naval Academy
Annapolis, Maryland

(signature)
Certification of Adviser Approval

Assistant Professor Franklin H.J. Kenter
Mathematics Department

(signature)

(date)

Acceptance for the Trident Scholar Committee

Professor Maria J. Schroeder
Associate Director of Midshipman Research

(signature)

(date)

USNA-1531-2



Abstract

We seek to determine if real-networks can accurately be represented by random graph
models. To accomplish this task, we use a combination of three commonly-used random
graph models: geometric, Chung-Lu, and preferential attachment. Each of these three mod-
els has unique properties that helps model certain characteristics of real-world networks, but
using these random graph models individually has proven fruitless. Therefore, we combine
multiple models in order to get a model that more accurately reflects these networks. Our
method for determining if our combination random graph model successfully represents a
real-world network consists of three main tests: edge counts, degree distributions, and tri-
angle counts. This developed algorithm supports the idea that random graph models have
potential in modeling real-world networks, and its output is further supported by statistical
tests we develop. Although we find some faults in our method, it shows significant potential.
We achieved some success with organically produced real-world networks like human and
animal social networks and terrorist cells. However, we hypothesize that our model can be

improved by adding more random graph models and testing it on larger networks.

Keywords: graph theory, network science, social networks, random graphs, Chung-Lu

model, geometric model, preferential attachment model.
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1 Terminology

e (5: fixed simple graph, consisting of vertices and non-directed edges, where an edge
is an unordered pair {v;,v;}. We will use the notation used in Chung-Lu, v; ~ v;, to
denote an edge between v; and v; [6]. Specifically, we will consider finite, undirected

graphs with no loops, unless stated otherwise.
o V(G): vertices of G.
e E(G): Edges of G.
e n: number of vertices in a graph.

e deg(v): The degree of a vertex v in G is defined as the total number of edges incident

to v. The total degree of GG is defined as the sum of each vertex’s individual degree,

Y vec deg(v).

e d(G): degree distribution vector of G.

. J(G): the sorted degree distribution vector of GG. The sorted degree distribution lists
the degrees of the vertices of G sorted in descending order. We will let d(G) be a vector

of length n, where the i-th entry is the i-th highest degree among the vertices of G.

e ¢(G): edge count of G or the total number of edges in G. The Handshake Lemma
states that for undirected simple graphs, the number of degrees is twice the number of

edges. Thus,

ZUGG deg(v)

e(G) = 5

16].

e triangle: a set of three distinct vertices, {vy,ve,v3} C V(G) that are all mutually

adjacent to one another.

e A(G): triangle count of G or the total number of unordered triangles found in G. A

different ordering of vertices does not constitute a different triangle.



e We approximate several functions in the below sections. Specifically, we say f(x) &

g(x) if
im M =
xlﬁoo g(x) I
or if,
TG
=0 g(x)

2 Introduction

A “proverb” in network science is that most “real-world” networks are power-law graphs. A
graph obeys the power law if the number of vertices with degree k is proportional to k=5,
where > 1 [6]. Perhaps surprisingly, a recent study of Broido and Clauset found that for a
large database of graphs, this proverb, in fact, is not true: only approximately 4% of graphs
obey a power-law distribution [5]. There are many processes that generate power-law graphs
including preferential attachment [3], hierarchical models [15] and weighted random graphs
[6]. One common motif among these processes is that the richer get richer or the popular
get more popular. Nonetheless, what if there is some truth behind the idea that real-world
networks can be modeled using random graph models? More specifically, it could be the
case that the same parameters responsible for generating power-law real-world networks are
partly responsible for generating other realized networks. For instance, the distribution of
words in a language appears to obey the power-law up to a point; after which, other forces
appear to take over [4]. We hypothesize that random graph models can in fact represent
real-world networks if we combine several models.

In the world of graph theory, there are a lot of ways to define sameness or similarity in
graphs. Graphs are often considered the same if they are isomorphic, or there exists some
function that can re-order the vertices of one graph so that it is identical to another. How-
ever, producing a random graph that is isomorphic to a fixed graph is highly improbable. In

fact, even if two random graphs have the same input parameters, achieving an isomorphic



relationship is difficult. Nonetheless, two randomly generated graphs produced using the
same process typically have similar characteristics (i.e. edge counts and triangle counts) [1].
Therefore, by combining three known random graph models, Gy, (or Chung-Lu), geometric,
and preferential attachment, we aim to produce a random graph model that can more accu-
rately produce graphs with the same size and similar characteristics of a given network. The
challenge here is modeling fixed networks using only three input parameters. Specifically,
using three main tests we develop an algorithm to determine if a random graph is similar
to a fixed graph, and then test this algorithm on a library of fixed networks. Additionally,
we provide a mathematical proof that this algorithm works precisely under mild conditions

(Theorems 6.4 and 6.5).

3 Random Graph Models

Formally, we say a random graph model is a random variable that maps from a sample space,

S, to a set of possible graphs, R, with specific input parameters, or
RGM : S — R,

where RGM is a random graph model. The sample space S is a collection of possible
outcomes each with an assigned probability. A random variable is a function mapping from
the collection of possible outcomes to another set. In the case of the random graph model, we
take the sample space as [0, 1]* for sufficiently large k assigned with usual uniform probability.
We then view the random graph model as an interpretation of the point [0, 1]* to turn edges
on and off, place vertices, and determine other qualities in the building of the graph. We
want to know specific qualities about random graph models, including probability of an edge,
edge counts, triangle counts, and degree distributions. These values are random variables

as well, mapping from the collection of all possible R € R with defined input parameters to



the real numbers, or

X :R—=R,

where X is the characteristic of R we wish to find. If we combine these two random variables
we get

X(RGM): S — R,

where X (RG M) represents a specific characteristic of the random graph model.

This precise definition of a random graph is not needed to understand the remainder of
the project, but is necessary for mathematical completeness.

Additionally, we often take the expectation of these characteristics using both mathe-
matical formulas and experimental averages. One important property of expectation that

we utilize is linearity of expectation or

E{aX +bY} = aB{X} + bE{Y'}[7],

where a,b € R and X and Y are real valued random variables.

3.1 Random Geometric Graphs

The geometric random graph model or G,,, has been studied in depth by Mathew Penrose
[14]. The model is simple, but extremely valuable in the study of random graphs because
edges are created based on proximity. We build our graph by randomly placing n vertices
in the unit square and connect the vertices based on the input parameter r or radius, where
0 <7 < /2. We form an edge between a pair of vertices in the unit square {i, j } if they are

less than or equal to a distance r apart.

Theorem 3.1. For a pair of vertices {i,j} € V(R) generated using the random geometric



model with parameters n and r,
mr?(1 —4r + 4r%) < Pr(i ~ j) < 7r?,

where Pr(i ~ j) represents the probability of an edge between {i,j}. For sufficiently small
r, Pr(i ~ j) ~ mr? [14]. That is,

Pr(i~j)

2 =1

71}—1}(1) r
Proof. Place a square with side length 1 — 27 within the unit square so that each side of the
square is exactly r distance away from the edge of the unit square. Notice that this square
has area (1 —2r)% = (1 —4r +4r?). The probability of a vertex falling within this sub-square
is equal to the area of the sub-square divided by the area of the unit square. Since the area
of the unit square is 1, the probability that a vertex falls within this square is (1 — 47 + 472).
The probability that an arbitrary vertex ¢ falls within the sub-square and another arbitrary

vertex j falls distance r from vertex i is equal to the probability of ¢ landing in sub-square

multiplied by the area of the circle with center ¢+ and radius r. Thus,
Pr(i ~j) > mr?(1 — 4r + 4r?)

If we assume that an arbitrary vertex ¢ can fall outside of the sub-square and still have

2

probability of 7r“ of another vertex j landing distance r from it, then the upper-bound

follows. Since ¢ can land anywhere in the unit square Pr(i ~ j) < 7r?. Thus,
mr?(1 — dr + 4r?) < Pr(i ~ j) < 7.

]

Note: the lower bound of this inequality approaches 7r? as r goes to zero. It is worth



mentioning that this the lower bound can be improved by considering specific areas of partial
circles near the edge of the square; however, for our application, this precision is not needed.
Also, since the r values in the G, , model are often sufficiently small, it has become common

2

practice in random graph theory to use 7r= as a sufficient approximation.

Likewise, the expected number of edges can be approximated the same way,

E{e(R)} ~ mr2 (Z) [14].

The proof of this formula can be found in Section 6. The expected number of edges is
important for our algorithm described in Section 4. An example of a geometric graph
with input parameters n = 15 and » = 0.3 is pictured below. Note that based on the
proof of Theorem 3.1, » = 0.3 is not sufficiently small enough to use the approximation

P(i ~ j) = mr?. However, we use it for ease of presentation in the figure below.
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Figure 1: Geometric Random Graph

Because edges are determined by proximity, the likelihood of cliques, complete sub-
graphs, is high in the geometric model. We can use the geometric model to help simulate a
fixed real-world network with several cliques. In our algorithm found in Section 4, we use

the number of triangles (three vertex clique) as a method for examining our model.



3.2 Gy, Chung-Lu model

The Chung-Lu model first introduced in [6] has a single input parameter: a vector w, where
the values of w are non-negative real numbers. In strict terms, the values in the vector w
are the explicit expected degree of each individual vertex if you allow for self-loops (a vertex
can form an edge with itself). When self-loops are allowed, the self-loop only counts as one
edge toward the degree of that vertex. For our combination model, we do not wish to use
self-loops; however, in most cases, the total number of self-loops is small compared to the
total number of edges. Hence in our model, each individual entry of w is approximately the
expected degree contributed by the Chung-Lu model of individual vertices. This result will
be proven below.

Given w, where

2 n
w2 o= (m}gx Wk> < ZW’“ 6]
k=1

a Gy, random graph is generated as follows: For each pair of vertices {7, j} place an edge

1 ~ 7 with probability
W;W;

n 7
> Wi
k=1

where each edge is placed independently of all the others. Notice that if w is a constant

Pr(i~j) = [6]

vector then Pr(i ~ j) becomes a constant by the above formula. When this occurs, we
say the random graph was generated by the G,,, or Erdos-Renyi model, where there are n
vertices and a fixed p probability of an edge between any two vertices. We will use the G, ,

or Erdés-Renyi model in Section 6.

Theorem 3.2. For a random graph R generated using the Chung-Lu model with parameter

w, the expected edge count obeys the following formula:

> ij=1 zvgfivk 2 =1 ngivz”k n
E{e(R)} = —7# —— @
2 2(3) 2

2
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Additionally,

" wy " w; (n
Bl =3 % =3 e (})
20 2age
iof self-loops are permitted.

Proof. Fix 1 as an arbitrary vertex in R generated by the Gy, model with a fixed w.

For each j € V(G) define,

1 if edge between ¢ and j
Yij = ;
0 if no edge between ¢ and j

where j is an arbitrary vertex in the Gy, graph. It follows that

E{deg(i)} = E{Y_{ri,}}-

Jj=1
i#]j

By the linearity of expectation,

E{deg(1)} = 3" E{vs}.

i#]
By the definition of Pr(i ~ j),

Thus,
E{deg(i)}y =) Pr(i~j)=> ——.
=1 =1
i i) Z Wk
k=1
Notice,

E{deg(R)} = ZE{deg(z’)}.



11
Therefore,

By the Handshake Lemma,

Ziaﬂ;l PO Z@J;.l S
E{e(R)} = —% = 72 :
2 2(5) 2

If we allow for self-loops, the condition that i # 7 in the summation goes away. Therefore,

factoring out w; we get,

E{deg(i)} = Y 5L =wi | =

P p = W;.

W D Wi

k k=1

Therefore,

i=1
Thus by the Handshake Lemma,
“ W; “ W; n
s -$ 3535 ()
=1 =1

]

It is worth remarking that the number of edges between the case of Gy, with self-loops

and the case without self-loops differs in expectation by

Zi Wz? _
>k Wk

In our model, we use the sorted degree distribution vectors of the fixed network G as

our w for the random graph, R. Even though the w vector is sorted, each individual



12

entry still represents the approximate expected degree of that vertex as seen by Theorem

3.2. However, we often have to scale down the maximum values of the degree distribution
n

vectors in order to get a w that meets the necessary condition, w2, . < Z wy,. The main
k=1

advantage of the Chung-Lu model is that a particular degree sequence can be prescribed
and independence still holds. The G model pictured below has parameters: n = 15 and

w=[55,544,4,3,33,2221,1,1].

4.5

35

L

Figure 2: Gy, Random Graph

Notice that the expected degree for each vertex, v;, is approximately its corresponding
value w; in the vector w. It is important to remember that we are not inputting the exact

degree values but rather weights that factor into the probability of an edge.

3.3 Preferential Attachment

The preferential attachment model is an example of an exponential random graph model
and is often referred to as the “rich get richer” model. We use Herbert Simon’s preferential
attachment model of two input parameters, n and k, where n is the number of vertices in
the graph and k is the number of edges added at each step [6]. The graph generation process
starts with a clique of size k (i.e., k vertices all pair-wise adjacent) and then proceeds to add
a vertex. At each step, the added vertex makes k connections to the existing graph based

on the existing degrees of the graph. This process is repeated until there are n vertices in
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the graph. The newly added vertex ¢ will form an edge with an already present vertex, j,
with probability
Pr(i~j) =

where deg(j) represents the degree of an existing vertex j in the random graph R. This
process is iterative. At each step the Pr(i ~ j) changes because the size and total degree of
the graph has changed. If k£ > 1, we use the above formula to assign an edge, but if 7 forms
an edge with j with the first of £ edges added at that step, the following k edges cannot

duplicate that edge. That is k, distinct edges must form at each step.

Theorem 3.3. The expected number of edges for the Preferential Attachment model with

parameters k and n follows the below formula:

E{e(R)} = k(n — 1) = 2~ <Z)

n

Proof. By definition, there are k edges added at each step of the Preferential Attachment

process. Since there are (n — 1) steps, it follows that
E{e(R)} = k(n —1).
Therefore,

e = 5= (0 () = G (=)

Thus, by definition of the binomial coefficient,

E{e(R)} = k(n —1) = 2~ <Z)
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Note: Our construction of the preferential attachment model occasionally duplicates
edges, but this does not effect the results enough to merit any additional proofs.
An example of a preferential attachment graph with parameters n = 15 and £ = 1 is

pictured in the figure below.

Figure 3: Preferential Attachment Random Graph

If £ = 1, the model will form a tree as seen above. The advantage of preferential

attachment is the development of a central hub of high degree [6].

3.4 Our Combination Model

The geometric, G, and preferential attachment models all have valuable characteristics
that are visible in real world networks, so rather than attempt to model real world networks
with a single random graph model, we chose to use a combination of the three random
graphs. Essentially, this combination model uses the preferential attachment, geometric and
Gw models independently of one another to produce a unique random graph model with
parameters r, k, and w. The model begins by creating a preferential attachment graph
of n vertices using the inputted k parameter. After that preferential attachment graph is
created the vertices are randomly placed in the unit square. The model then adds edges to
the graph if either of the conditions for geometric or Gy, are met. That is if a vertex j falls

within distance r of vertex i or based on the Pr(i ~ j) formula for Gy, with an inputted
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w. For emphasis, to maintain independence, the indices of w compared to the indices of the
preferential attachment process are random. It is important to note that if both conditions
are met, then only one edge is formed between i and j. Therefore, edges are drawn using all

three input parameters, k, r, and w, but only one needs to be satisfied for the edge to exist.

Theorem 3.4. The expected number of edges for our combination model with parameters n,

k, and w, all fixed, and sufficiently small r, has the following approzimation:

n Wi W, noo_WiWy
, 2k Z’%Z-l TicaWe Zl%ifjl S
Ble(R) ~ |mt+ e T
n 2(3) 2(3)
ok Zz%fjl Yimwe 2k, 2k, Zl’i];é:jl Lkt Wk n
I - — —7ar° + —7r oy
n 20 n n 2(3) 2

Proof. Notice that the expected edge counts for each individual model are of the form:

/(a)

where p is the probability or the average probability of an edge.
Note: the average probability refers to the preferential attachment model. Because the
probability of an edge changes at each step we average the probabilities as %

Therefore, we need to determine the probability of an edge in our combination model.
The probability of an edge for our model must be a linear combination of the three individual

probabilities. By the inclusion-exclusion principle we know,

(Prgeo U PrpaU Prg,,) = Prgeo + Prpa+ Pra,, — (Prge, N Pra,,)

—(PTPAQPTGW) —(PTGGDQPTPA)—F(PT‘GQOQPTPAQPT’GW),

where each of the above probabilities represent the probability of an edge for that particular
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model. Since the models determine edges independently of one another the formula simplifies,

Prootar = PraeotPrpa+Pra, —(PraeoPray, ) —(PrpaPra,, ) —(PraeoPrpa)+(PreeoPrpaPra,, ),

where Prroa = (Prgeo U Prpa U Prg,, ). Therefore,

n. WiW; n. WiW;
N IR 7> xRN > v
Priga = e+ — + n — 7T n
n 2(5) 2()
2k Z”Jf Sowe ok oh 2Tl S
2R T A Bl S 5o
— nrt + —7r - )
n () n n 2(3)
for sufficiently small r. Thus,
STy Sy s
L R iy o1
E{e(R)} ~ |mP4+ =4+ A 2 _qp T
n 2(5) 2()
n Wi W " WiW,
2% Zgﬂ;f Yiawre 2k, 2k QZZ;JZ-I i WAL
N — —ar® + —7r :
n () n n 2(3) 2
for sufficiently small r. -

The reason the formula is an approximation is simply because we are using some of the
E{e(R)} approximations from the individual models. We have found that this formula is
more accurate for random graphs with large n and small . An example of this model with
input parameters n = 15, k = 1, r = 0.2, and w = [5,5,5,4,4,4,3,3,3,2,2,2,1,1,1] is

pictured below.



17

09 .13 .15
08 [ ) 0y 012 Sk
071 -
06 *14

05
04r
03} ! ori%8
02

011

Figure 4: Combination Model Random Graph

Using this new random graph model, we believe it is possible to accurately model a

multitude of real-world networks.

4 Solving the Inverse Problem

4.1 Problem Statement

Given a fixed graph G, we seek to find the most ideal k£, w, and r in our combination model
that are best able to produce random graphs, R, like G. However, in order to simplify the
problem, we limited the broadness of these three parameters. We are testing only values
of k € {0,1,2}. Additionally, we define w to be a fixed multiple of the degree distribution
vector of G. We define v € [0, 1] as the coefficient of w. It might seem like we are using the
answer to find the answer. However, our studies have shown that not all distribution vectors
meet the requirements of w set out in Chung-Lu, so we have to modify the vector to meet
those criteria. Finally, we limit 7 € [0, 1].

Therefore, a more accurate problem statement: Given a fixed graph G, we seek to find
the most ideal k € {0,1,2}, a € [0,1], and r € [0,1] in our model that are best able to
produce random graphs, R, like G. The difficulty in this objective is determining how to

measure similarity. Because our model is by definition random, we face the impractical task
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of comparing a set of random graphs to a fixed network. However, despite the randomness
of the individual graphs, when the whole of these individual graphs is examined we find
common characteristics. Consequently, our goal is not to find the graph that most closely
represents the fixed graph G. If that were the case, we would simply choose a unique fixed
graph to model G. Instead, our goal is to determine if the underlying structure of real
world networks can be described using random graph models. In order to do this we must

determine how we will measure success, which will be discussed in the following subsection.

4.1.1 Overview

Our process for determining whether random graphs can successfully represent real-world
networks begins with determining our measures of success. We then vary the input param-
eters of our combination model until we find a set of input parameters that best represents

the fixed graph based on the measures of success.

4.1.2 Measures

Before we begin in detailing our process for solving the problem statement, we must define
the measures used to determine success. Comparing a fixed graph to a random graph and
determining similarity is a difficult task, and the ultimate measure of closeness is not agreed

upon. Therefore, we decided to use three main measures of success.

o Fdgey:

_ [E{e(R)} —e(G)]
FEdgeqy, = (G .

This formula represents the relative error between the expected edge count of an indi-
vidual random graph, R and the actual number of edges in the fixed graph G.
o T'rigy:

|A(R) — A(G)]
A(G)

Trigy =
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Similar to the formula for Fdgey, this formula represents the relative error between the
triangle count of an individual random graph, R and the actual number of triangles in
the fixed graph GG. Among small random graphs the triangle counts vary dramatically,

so this value is often high.

e Degy:
VEH(G) - di(R))?
Degy, = .
n
Degy, is a semi-norm, defined as a norm without the ||z|| = 0 if and only if z = 0

condition, comparing the degree distribution vectors of G and R. The numerator
of this fraction compares the sorted degree distribution vector of G with the sorted
degree distribution vector of an individual random graph using the common 2-norm.
We found that if the vectors are compared using only the 2-norm, the norm values vary
too much for meaningful results. By dividing by the number of vertices, we achieve a

more consistent comparison over graphs of different sizes.

e Note: The expectation in Edgey, is calculated using the formula in Section 3. Trigy
and Degy, are both random variables, and therefore the values change for every random
graph R. In order to get more precise results, we approximate Trigy and Degy via a

simulation of 100 trials.

4.1.3 Algorithm: Inputs

e (i: the fixed real-world network

e c: the precision threshold for o and r; to make the algorithm more efficient, we start
testing only the tenth values from 0 to 1 for a and r. In an iterative process, we then
narrow down this interval. e is the minimum we wish to narrow the interval to (i.e.

for an r or a value to the nearest thousandth, £ = 0.001).
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e MaxFEdgey: the maximum relative error between the edge counts of R and G to be

considered successful

o MaxTrigy: the maximum relative error between the number of triangles of R and G

to be considered successful.

e MaxDegy: the maximum semi-norm value allowed between the degree distribution

vectors of R and G to be considered successful.

e Note: Determining what is a reasonable value for Edgey,, Trigy, and Degy, is a topic

discussed more in section 6.2.

4.1.4 Algorithm: Process

The overall idea of this algorithm is to take a systematically chosen collection of the pos-
sible combinations of k, «, and r and test them for success based off our defined criteria.
Throughout the process we narrow the number of parameters we are testing by discarding
the unsuccessful combinations of k, «, and r, keeping only those parameters that meet our
criteria.

Using the formula for the expected number of edges of our combination model we generate
three arrays. Each one of the entries in the three arrays is the expected number of edges for
our combination model given these k, o and r values. Notice that the precision interval of
a and r starts at 0.1, and the three arrays each have a different k& value based off the three

possible k values.

(k=0,a=0,r=0) (k=0,a=01r=0) ... (k=0,a=1,7r=0)
(k=0,a=0,r=0.1) (k=0,a=0.1,r=0.1) ... (k=0,aa=0,7r=0.1)




21

(k=1,a=0,r=0 (k=1a=01r=0) ... (k=la=1r=0)
(k=1L,a=0,r=0.1) (k=1L,a=01,r=0.1) ... (k=1,a=0,7r=0.1)
(k=1a=0,r=1) (k=1,a=01,r=1) (k=1La=1,r=1)
(k=2,a=0,r=0) (k=2,0=01,r=0) ... (k=2,a=1,r=0)
(k=2,a=0,r=0.1) (k=2a=0.1,7=0.1) ... (k=2,a=0,r=0.1)
(k=2,a=0,r=1) (k=2,aa=01,r=1) (k=2,a=1,r=1)

The expected edge count for each random graph produced with the parameters in an
entry is then compared to e(G). If Edgey, < MaxFEdgey, then that set of parameters is
saved for the next step. If this condition is not met, then that set of parameters is dismissed.
Once each individual entry of all three matrices is tested, we decrease the precision interval
based off the inputted . We will call this intermediate precision interval ¢, for the r values
and ¢, for the a values. We now sort through every set of k, r, and « values that met
FEdgey, < MaxFEdgey in order to find the maximum and minimum r and « values. Using ¢,
we divide the interval between r,,;, — €, and 7,4, + €, in to ten equally spaced values. The
same is done for the « values using €,. The new ¢, and ¢, become the interval between these
new r and « values. This process is continued as long as € < ¢, and € < ¢,. For example,
let’s say we are only concerned with » and not k and a. If » = 0.1 and » = 0.4 both meet
Edgey, < MaxFEdgey when €, = 0.1, then we would divide the interval from 0 to 0.5 into
10 equal spaced values and the new &, = 0.0556. There are specific steps followed in unique
cases such as when r,,,, Or ay,q. equal 1 and 7,,;, or a,,;, equal 0, but overall the process
runs as stated above.

The next step begins by taking the first saved set of k, o, and r of the finest interval
from the previous step. Using these parameters we generate a random graph using our

combination random graph model. We then calculate A(R) and compare it to A(G) using
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the T'rigy, measure. Similarly, we calculate Trigy using the associated semi-norm. If both
Degy, < MaxDegy, AND Trigy < Max% are met then that individual trial is deemed a
success and we initialize a counter, C' = 1. We repeat this process for this same set of input
parameters 100 times, and for each successful trial increment C' by 1. We choose 100 trials
for ease of computation. We then divide the total number of successful trials by the total
number of trials to get the fraction of successful trials. We call this value N. This gives
us a number between 0 and 1 that measures how successful that individual set of input
parameters was at modeling the fixed network G using the defined measures. We repeat this
process for all of the save input parameters, thus getting an N value for each. We know that
N is a random variable; however, we have found through experimentation that they have a

low variance. A specific example is provided in Section 5.

4.1.5 Algorithm: Outputs

We output the «, r, and k that achieved the highest N value. An N value close to one means
that there exists a set of input parameters for our combination model that is relatively similar
to the fixed network G using our defined measures.

A schematic of the whole process can be seen below.
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Inputs: G, &, MaxEdges,, MaxDegy,, MaxTrigo,

Edge % < MaxEdgeo/ Repeat until precision
S 9 interval is &

_—

-

Move on to next step with
all R; input parameters that
met the above condition.

—

/"fv_i_A
/ If conditions 73 7 Repeat 100 times for
\mﬂ C=C+1 Deg ., < MaxDeg,, and Trig o, < MaxTrigs, cach R. >
Ty gttt
- o

Use random graph input
N=— parameters with highest V'
value.

Outputs: 7, k, w with the highest N value

Figure 5: Our Algorithm

5 Results

5.1 In-Depth: Zachary Karate Club

The Zachary Karate Club graph is a 34-vertex graph that represents the separation of two
karate clubs [18]. In this graph a vertex represents a person and an edge represents two
people knowing each other. Although this graph is small, it provides us with a way to test
our method quickly on a basic social network. Through experimentation, we have found that

the best results are achieved when,

e ¢ = (0.01: Smaller division intervals do not yield significantly better results.

o MaxFEdgey, = 0.08: Decreasing the edge percent will decrease the number of combi-
nations sent to the next two steps, but experimentation shows that better results can

be achieved if we keep the edge percent a little bit larger.
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o MaxDegy = 0.29: 0.29 might seem too high to indicate any type of significant result,
but the larger Degy value is due to the small size of the graph. As the number of

vertices gets larger, we can decrease this value.

o MaxTrigy = 0.39: Triangle counts vary significantly in small random graphs, so we

had to set the MazTrigy higher to allow for this variance.

Note: We understand that these values seem arbitrary. We could easily set each measure high
and achieve “successful” results. However, we found through experimentation over several
different input parameters that these input parameters achieve the best results. That is they
achieve the random graph that most closely relates to the fixed real-world network. Further
justification can be found at the end of Section 6.

After running our algorithm with these inputs, we maintained consistent outputs over

several trials. The ideal R found had these parameters:
e N =0.75 with 0% = 0.0012
e 7 =0.0104 with 0 = 1.1489%¢ — 4
e k=1
e o = 0.7496 with 02 = 5.9009¢ — 5

Note: These parameters are the average values produced after running the algorithm 100
times for the network, and o2 represents the variance of the values over the simulation.
Zachary’s Karate network is a small network, so the fact that we were able to model it
so closely with random graphs validates the idea behind our algorithm. Our method was
able to produce a set of random graph parameters that meet the specified measures 75% of
the time. Additionally because our process uses random graphs to model fixed networks,
we now have multiple graphs that can model Zachary’s Karate network. The next several

figures demonstrate this fact.
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Figure 9: Random Graph 3 Representation of Karate Club Network

5.2 Comparison To A Library Of Graphs

Despite positive results with Zachary’s Karate Club network, our algorithm is worth very

little if it cannot produce positive results over a larger library of graphs. In order to further

our study, we ran our algorithm on an additional seven fixed networks varying in size from

62 to 126 vertices. The results can be found in the table below.

Network Size MaxDegy, | MaxTrigy | N kE\|r a Source
Dolphins n=062 | 0.26 0.35 0.76 | 1 | 0.1366 | 0.0878 | [13]
France High School | n =126 | 0.28 0.36 0.93 | 1 | 0.0329 | 1.0000 | [8]
Hamburg Terrorist | n =77 | 0.30 0.90 0.26 | 2 | 0.0165 | 0.5463 | [2]

Les Miserables n="77 |0.24 0.62 0.77 | 0 | 0.0658 | 1.0000 | [11]
Madrid Train n==64 |0.21 0.62 0.74 | 0 | 0.0782 | 0.9753 | [10]

911 Terrorist n=062 |0.25 0.57 0.78 | 0 | 0.0988 | 0.7942 | [12]
Star Wars n =110 | 0.23 0.50 0.73 | 1 | 0.0165 | 0.9012 | [9]

Table 1: Results From Our Library Of Tested Graphs

We understand that some of the Max Degy, values and MaxTrigy values seem very high.

However, we justify these inputs in Section 6. The table provides valuable results because it

demonstrates that our process is successful over several graphs. With the exception of the

Hamburg Terrorist network, all of the graphs had relatively high N values.
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6 Proof of Concept

We have shown through experimentation that our algorithm is capable of producing random
graphs that meet our measures of success, but it is important now to justify why we chose
these measures and their associated max values. In this section we will show that under
mild assumptions, the geometric model will almost certainly have more triangles than the
Gw model for a constant w. In other words, given a typical graph determined by the
geometric model the algorithm from Section 4 will almost certainly distinguish it from a

random graph determined by the Gy, model with constant w.

6.1 Triangle Count

We propose that the triangle count is a necessary test for determining the best parameters
for our model because it helps distinguish between the random edges found in the G, model
and the edges determined by proximity found in the geometric model. We suggest that the
geometric model will produce more triangles than the Gy, model. This is a very significant
hypothesis, but can be proven rather quickly under certain assumptions. First, we assume
that the G model has a constant w vector, which is the traditional G,,, or Erdos-Renyi
model. We must first prove the expected edge count and expected triangle counts for each
of these models before we can prove that the geometric model will produce more triangles

than the G, , model.

Theorem 6.1. For fized p, the expected number of edges for a Gy, is as follows:

Ble() =1(}),

where p is the inputted probability of an edge between two vertices. For sufficiently large n,
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the expected edge count can be approximated to be 7%2. That s,

T CLC0) Y

n—00 pn?
2

Proof. Given two vertices, v and v, in the G, , graph define,

1 if edge between u and v
Qu v — )

0 if no edge between u and v

Then, it follows that

where e(R;) is the is the number of edges for each random graph and {u,v} are all not

ordered pairs of u and v. Therefore,
E{e(R)} = E[ 3 Qu]
{uv}
By the linearity of expectation,
E{e(R)} = ) E[Q,].
{u,v}

By definition of p,

E{e(R)} =) ».

{u,v}

Since there are (g) pairs of edges,

E{e(R)} = p(’;)
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With sufficiently large n,

O

Theorem 6.2. For sufficiently small r, the expected number of edges for a random graph

produced using the G, , model is as follows:

E{e(R)} ~ mr? (Z)

7TT’27L2

With sufficiently large n, the expected edge count can be approximated further as

Proof. In Section 3 we proved that
P(u ~v) = 7r’.

With the probability of an edge determined, the proof follows the same argument as the

proof for Theorem 6.1 by replacing p with 772, Thus,

E{e(R)} ~ mr’ (;‘)

With sufficiently large n, and sufficiently small r,

Ble(r) ~ v

n) _wr*n(n—1)  wr*n?

9 2 ~

Theorem 6.3. With fized p, the expected of triangles in the G, is as follows:

E{A(R)} = p° (Qj)
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3n3

With sufficiently large n this value can be approvimated to P-5~.

Proof. Define,

1 if triangle between u, v, and w
qju,v,w = )

0 if no triangle between u, v, and w

where u, v, and w are arbitrary vertices in the G,,, graph. Then, it follows that

AR)= > Wypu

{u,v,w}

Where A(R) is the number of triangles in a random graph, and {u,v,w} is the number of

unordered trios of u, v, and w. Therefore,

E{A(R)} = E[ 3 \Ifuw}

{u,v,w}

By the linearity of expectation,

E(AMR)} = 3 E[¥,...

{u,v,w}

3

2) or 3 independent pairs of vertices. By

For the three vertices, u, v, w, we know there are (
definition, the probability that an edge forms between any of those pairs is p. Therefore, the

probability that a triangle forms between u, v, and w is p3. Hence,

E{A(R)} = Z ]E[\Ilu,v,w] = Z pg'

{u,v,w} trios(u,v,w)

Since there are (g) possible trios of vertices in the Gy, , graph,

E{A(R)} = p? (g)
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Thus with sufficiently large n,

5(n p’n(n—1)(n—2)  p*(n®—3n+2n) p’n’
Bam) - p(;) - LD e o

O

Theorem 6.4. For fized r < 1 and sufficiently large n in the G,,, model E{A(R)} obeys

4,,3 4,,3

(WGn )7 <E{A(R)} < <7rr6n )7(’

where v = 2 — ¥3 ~ 1.22837.

Proof. We will begin by proving the lower bound. Under the assumption of the unit square,
we know that given a random vertex, u in the G, , model the probability of another vertex,
v landing within the radius, r, of u is 7r2. Note that if a third vertex, w falls within both the
radius of u and v, then a triangle will form. Therefore, to find a maximum lower bound we
have to determine the location of v within the radius of u that results in the least amount of
overlap between the two circles with equal radius. This occurs when v lands exactly distance

r away from u. See the below figure.

Figure 10: Geometric Lower Bound Triangle Count Area Representation
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Based off the formula for the area of a circle segment,

2

A= %(9 — sind), [17]

2
3

w[S

We get that the area for the overlap of the two circles is 2(”277) = r2v, where v =
We know already that the probability of an edge forming between two vertices in a geometric
graph is 2. This is due to the fact that the area of the unit square is 1, and therefore, the
probability that a point falls within a certain area is just that area. Hence, the probability
that w lands within the shaded area in the above figure is r?y. Thus, the probability of all
three vertices forming a triangle is (ry)(nr?) = riry. If we replace the probability of a
triangle for G,, ,,, p*, found in the proof of Theorem 6.3 with 747y, the lower bound for the

expected number of triangles in the geometric model is

A (n) ariyn(in — 1)(n —2)  ariy(n® — 3n + 2n) <7rr4n3>
6

™\ 3 6 - 6

for sufficiently large n.
Similarly, the greatest possible overlap between the circles of u and v occurs when they
land exactly on top of one another. If this occurs then the area w must fall within is simply

7r2. Thus, the expected number of triangles becomes

(rr2)? (;z) _ m2rin(n —61)(n —2) - (wr;n?’)m

with sufficiently large n.

Therefore,
riyn3 Trtn

<E{AMR)} < T

21
3

e[S

]

where v =

To prove that for large n the geometric model has more triangles than the G, , model

is difficult without certain assumptions. Mainly, since the focus of our test is to distinguish



33

how much each model contributes to the make up of the desired graph, we have to compare
the triangle counts of geometric and G, with equal E{e(R)}. This can be achieved by
taking p = mr?. Additionally, because the expected number of triangles for the geometric
model is a range, we can only prove that the Geometric model has more triangles than the

G, model for particular 7 values.

32
™

i

Theorem 6.5. Given p = mr? and a fived r < , the geometric model will asymp-
totically almost surely produce more triangles than the G, , model for a sufficiently large

n.

Proof. In order to prove this theorem, we must first prove that the expected number of
triangles for G, ,, is less than the lower bound of the expected number of triangles for the

geometric model. Then we must prove that this holds asymptotically almost surely. Assume,

27 \/3 \/2_7r _ L?:
r<yfi—2=Y2 2
- 2 T '
Then,
2
w2 < V3
-3 2
: _ 27 V3
Since v = =F — %7,
722 <
Taking r to be fixed, it follows that
2.2 7rind - mrin?
6 ~ 6

Rearranging we get,
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Therefore by applying Theorems 6.3 and 6.4,

E{A(R)g,,} = 1" (g) ~ P Sg” - (7”’26)3”3 < (r%)(wﬂ)(g) _

ariyn(in — 1)(n —2)  mriyn?
6

Q

<E{A(R)g,..},

2m
3

o[S

where v =

Thus, the Geometric model will produce more triangles than the G, , model while,

2 _ V3 2 _ V3
<2 =V 3 2+ 0.352789.

2 T

In order to show that this asymptotically almost surely holds, Alon-Spencer tell us it is

sufficient to prove that [1]

Var{A(R)}

E{A(R)) —0asn — o0

for both the G, , and geometric models. By definition of variance,

Var{A(R)} = E{A(R)} — E{A(R)}>

Define,

1 if triangle between u, v, and w

\Iju,v,w - )

0 if no triangle between u, v, and w

where u, v, and w are arbitrary vertices in the random graph R. Let S and T be two

arbitrary unordered trios of vertices in the random graph R. Then,

Var{A(R)} = E (ZS: Uy ZT: \IIT> ~E (ZS: \Ifs> E (ZT: xpT> .
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By combing the first two sums,

T

Var{A(R)} = E (Z \IIS\IIT) —E (Z qfs) E (Z \IJT> .
S,T S
By linearity of expectation,
Var{A(R)} = Y E{UsWr} — > E{Us} > E{T7}.
5,1 S T
By summing over all S and T" we get,
Var{A(R)} = 3 (B{ U7} — E{U5}E{T7}) .
8,1
Specifically,

Var{A(R)} = Z (BE{UsUr} — E{Us}E{U}) + Z (E{UsVr} — E{Us}E{¥s})

& \Srf’Ti\Fﬂ

+ > (B{UsUr} — B{USIE{Tr}) + > (E{UsTUr} — E{Us}E{T7}).
S, T S, T

|SNT|=1 |SNT|=0

In the above equation, |[SNT| = 2 represents S and T" overlapping by two vertices. Likewise,
|SNT| =1 represents S and T overlapping by one vertex. Now we must prove

Var{A(R)}

E{A(R))? —0asn — o0

for both the G, , and geometric model.

We will begin with the G, model. In the case of the G, , model, we know by the
definition of p and by the proof for Theorem 6.3 that E{¥s} = p* and E{¥r} = p.
Likewise if |SNT| =0orif |[SNT| =1, E{UsUr} = (p*)(p®) = p°, since in each of these

cases six edges are being formed with probability p. Therefore the variance for the G,
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model becomes

Var{A(R Z (E{Wsr} —E{UIE{Tr}) + D (E{UsUr} — B{Us}E{Tr}).
|Sm’T:T:2

If S =T, then E{UgV¥s} = E{Ugs} = p?. Similarly if [SNT| = 2, then E{¥ gV} = p° since

there are only five edges each determined with probability p. Therefore,

Var{AR)} => (0* =)+ > (° -1

b S7T
S=T |SAT|=2

Since there are (%) cases where S =T and 3(})(n — 3) cases where [SNT| = 2,

Var(a()} = () 07 =) +3(; ) =9 0 ).
Therefore,

Var{AR)} _ (5) (P —p*) +3()(n =3) (0° =) _ (0° —p") + (30— 9) (0" —p")

E{A(R)}? () N ()

Since p = 7r? and r < , we are only concerned with the n values in this fraction.

Thus,
Var{A(R)} ¢

E{AR) w2

where ¢ is a constant determined by the values of p. It follows that

Var{A(R)}
E{A(R)}?

—0asn — o

holds for the G, , model.

We now must prove

Var{A( )}
E{A(R)}>

—0asn — o
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holds for the geometric model. Following a similar process, we begin with calculating the

variance. We know

Var{AR)} = Y (B{UsUr} — E{U}E(Ur}) + > (B{Us¥s} - E{Us}E{Ty})

S, T S, T
S=T |SNT|=2
+ ) (B{UsUr} —E{U}E{Tr}) + > (B{TsTr} — E{U}E{Tr}).
S, T S, T
S=T\{u,v} |SNT|=0

In the proof for Theorem 6.4, we showed that the lower bound for the probability of a triangle
in the geometric model is w7*y. Therefore, similarly to the G,,, model, in the [SNT| =0

and |[SNT| =1 cases
(nrty) (mrty) = 7842 < E{UgUp} = E{Us}E{Ts} < (mr?)* = 7%

Therefore for the geometric model, the |[SNT| =0 and [SNT| =1 cases equal zero. Since
we are dealing with estimates, we must find the upper-bound in the geometric model for

Var{A(R)}
E{A(R)}?

Therefore, we will find the upper-bound for the numerator and the lower-bound for the

denominator. We determined

Var{A(R)} = E (E{Ws¥r} — E{Us}E{¥Yr}) + E (E{Us¥r} — E{Us}E{Ur}).
ST ST
S=T [SNT|=2

If S =T, then mriy < E{Us¥r} = E{Us} < % Similarly if [SNT| = 2, E{UsUr} is
at its maximum when, like the upper-bound in Theorem 6.4, two points fall on top of each
other, except now two points must fall in that area instead of one. Therefore in this case,
E{UsUr} < (7r?)(r’m)? = 7rf7? = 7%, Additionally, we must find the lower-bound for

E{Vs}E{Ur}, since it is being subtracted. This follows from Theorem 6.4, E{Ws}E{Vr} >
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(mriy) (mriy) = 72842, Following the argument made for the G,,, model,

Var{A(R)} < (;”) (72— x2™2) + 3 (;") (n— 3) (%5 — 72r%2) |

Therefore,

Var{A(R)} - (5) (@2t = 72r842) + 3(%) (n — 3) (730 — 72rBy?)

E{A(R)}? — (;L)Q’/TQTS’)/Z

(m2rt — 72r842) 4+ (3n — 9) (7316 — 7r27‘872).
By

27

3 2

5

Since 7™ and ~ are constants and r < , we can approximate this fraction the same

way we did for G, ,. Thus,
Var{A(R)} ¢

E{A(R)}> = n?’
where ¢ is a constant determined by r. It follows that

Var{A(R)}

E{A(R))? —0asn —

holds for the geometric model. Thus, the Geometric model will asymptotically almost surely

produce more triangles than the G, , model while,
2 /3 2 ﬁ
2

<2 — V3 2 +0.352789.

Note: Although we proved this theorem for a fixed r, following the same argument we can

prove it for p = 7r? = n=1*¢

, where ¢ > 0. This is important as it shows that almost always
there is a difference in the triangle counts of the geometric and G, , models, validating us

using it as a measure to determine the contributions of each model. O]
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6.2 Basis for Measures

It is difficult to determine whether a random graph accurately represents a fixed network
because variance is inherit in random graph models even between random graphs generated
from the same set of input parameters. Consequently, in order to test how successful our
algorithm is in producing a random graph that accurately represents a fixed network, we
will compare multiple random graphs generated from the same input parameters using Degy,
and Trigy,.

As stated in section 3.1 and 3.2, our semi-norm for determining the closeness of the degree

distributions is

V0 (G) — dy(R))?

n

Degy, =
and our formula for determining relative error in the triangle counts is

|A(R) — A(G)]
A(G)

Trigy =

In Section 5, we tested our algorithm over several different graphs and achieved success
by the inputted measures. However, it can be argued that our values for Degy, and Trigy
were set high enough to guarantee success. This is a valid argument as a relative error of
0.50 is very poor. However despite this, we believe our method still has weight. The reason
for this confidence lies in the fact that within random graphs, especially random graphs with
small n values (most of the ones we tested), the variance for triangle counts is high. That is,
if we were to compare two random graphs generated from the same input parameters over
several trials, the Trigy values would be high.

In addition to the high variance in triangle counts, it can be very difficult to get sig-
nificant results on both the Degy measure and Trigy measure. The Gy, works very well
at modeling particular degree distributions because the distribution vector can be used as

w. Additionally, the geometric model can reproduce triangle counts because its edges are
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based off proximity. It is very difficult to achieve any success in both of these categories.
The series of figures below helps demonstrate this point. The “R v R” curve represents the
comparison of two random graphs with the same input parameters over 1000 trials using
both Degy, and T'rigy. The k, r, and « values used were from the table in Section 5 for each
associated fixed network. The “R v G” curve represents the random graph compared to the
fixed network using the two measures over 1000 trials. Finally, The “ModR v G” represents
the comparison of the random graph with a 10% decrease in both r and « and the fixed
graph over 1000 trials. All of these comparisons were plotted using a histogram with either

Degy, or Trigy values on the x-axis and counts on the y-axis.
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Figure 11: Zachary Karate Club Network
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Figure 12: Dolphin Network
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Figure 13: France High School Network
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Figure 14: Les Miserables Network
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Figure 15: Madrid Train Network
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Figure 16: 9/11 Terrorist Network
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Figure 17: Star Wars Network

The high variance in both Degy and Trigy is demonstrated well in the figures above.
Obviously, our model does not work perfectly. However, although it might not seem signifi-
cant, the fact that the majority of the “R v G” values fall someplace on the “R v R” graph
is difficult to achieve, even if it is the far right side of the graph. Though it is not probable,
this means that it falls within the realm of possibility that the fixed network was generated
by the random graph. The “ModR v G” curve helps demonstrate the significance of this

feat as even a slight change in the input parameters can shift the curve farther to the right.

7 Conclusion and Future Directions

Broido and Clauset showed us that in actuality very few real-world networks are based

solely on exponential models. However, our method of using a combination of random graph
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models to represent real-world networks shows promise. By broadening our scope from one
type of model to three, we were able to show consistent results using a relatively simple
process. Despite this fact, there are a couple of drawbacks to our process.

First, though our model has been more successful than previous attempts, it could do a
lot better at modeling triangle counts in real-world networks. Additionally, our algorithm
has difficulty creating distinct hubs in graphs. For example, Zachary’s Karate Club network
appears to have two hubs, but despite relatively consistent histogram results, we were not
able to achieve as distinct of hubs in our models.

So where do we go from here? The never ending problem with attempting to model a
fixed network is that it will never be perfect. However, there are a couple of things that we
are working on to make it better. Currently, the algorithm only tests £ € {0,1,2}. The
reason behind this choice was simply one of speed and efficiency. However, we believe that
some of these models, like the Hamburg Terrorist network, can be modeled more accurately
with higher %k values, so we are currently working to allow for higher %k values without
decreasing efficiency. In addition to increasing the k values tested, we would like to work
on a way to more accurately create hubs in the random networks. This is an issue that
we have invested time into with limited results. The issue lies in the fact that in order to
create a specific number of hubs in our random networks, we have to change the random
graphs we are currently using, meaning at least one of the three models, G, geometric, or
preferential attachment, would have to be modified. We want to avoid altering the model
too much though because then our methods for measuring the success of the models change.
In order to achieve the most success with the least modification, we are currently working
on modifying the preferential attachment model. Because preferential attachment graphs
often have one or two vertices with high degree, we believe it is the most promising model
to produce hubs. Currently with our random combination model, if a fixed network has n
vertices and h number of hubs, the preferential attachment portion of that graph is generated

over n vertices with a k € {0,1,2}. We believe that our random combination model would
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be more likely to produce h hubs if the preferential attachment portion of the model had
h base preferential attachment graphs each with approximately n/h vertices. This would
allow for a vertex of high degree in each of the h sub-graphs. However, in order for this
modification of the preferential attachment portion of the combination to factor into the
algorithm, we have to increase the k values. Otherwise, the preferential attachment portion
will be overpowered by the other graph types in the random combination model. However
as stated earlier, perfection is impossible and every added parameter to the model brings
an increase in complexity. Because of this, we believe that our current algorithm provides a

good balance between simplicity and accuracy.
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